Introduction and preliminaries
In 1988, Brown, Chevreau and Pearcy in [3] proved that every contraction on a Hilbert space whose spectrum contains the unit circle has a nontrivial invariant closed subspace.
By the von Neumann inequality, every contraction on a Hilbert space is a polynomially bounded operator. Conversely, Pisier in [8] showed in 1997 that there are polynomially bounded operators on a Hilbert space that are not similar to a contraction. Thus one tries to generalize the result of Brown, Chevreau and Pearcy, see [3] , to a polynomially bounded operator on a Banach space. To be more specific, a natural conjecture is as follows: Conjecture 1. Every polynomially bounded operator on a Banach space whose spectrum contains the unit circle has a nontrivial invariant closed subspace.
In 2004, Ambrozie and Müller in [1] showed that every polynomially bounded operator of class C 0. on a Banach space whose spectrum contains the unit circle has a nontrivial invariant closed subspace.
An operator T on a Banach space X is said to be polynomially bounded if there is a constant k such that
where P denotes the normed space of all polynomials with the norm
An operator T on a Banach space X is said to be a polynomially bounded operator of class C 0. if T is polynomially bounded and lim n→∞ T n x = 0 for all x ∈ X. An operator T on a Banach space X is said to be a polynomially bounded operator of class C .0 if T is polynomially bounded and lim
It is well known that there are many polynomially bounded operators of class C .0 that are not polynomially bounded operators of class C 0. (for example, the unilateral right shift operator).
In this paper, based on [1] we prove that every polynomially bounded operator of class C .0 on a Banach space whose spectrum contains the unit circle has a nontrivial invariant closed subspace.
We first recall some basic notions and facts from [1] and others. For the notation and terminology not explained in the text we refer to [1] , [9] and so on.
Let D = {z : z ∈ C, |z| < 1} be the open unit disc in the complex plane C. Let us denote by A(D) the disc algebra consisting of all functions continuous on D and analytic on D with the norm f = sup{|f (z)| : z ∈ D}. Let T = {z : z ∈ C, |z| = 1} be the unit circle in the complex plane C. Let C(T) denote the Banach space of all continuous functions on T with the norm f T = sup{|f (z)| : z ∈ C, |z| = 1}. By the maximum modulus principle, we have f = sup{|f (z)| : z ∈ D} = sup{|f (z)| : z ∈ T} = f T for each f ∈ A(D), and hence P and A(D) can be regarded as subspaces of C(T). By the Hahn-Banach theorem, every ϕ ∈ P * can be extended without changing the norm to a functional on C(T), which is still denoted by the same symbol ϕ. By the Riesz theorem, there is a complex-valued regular Borel measure µ on T such that µ = ϕ , and
Let L 1 (T) be the Banach space of all complex integrable functions on T with norm f 1 = (2π)
Then M h is a bounded linear functional on A(D), and M h h 1 . By [1] , page 337, if h = 1 then M 1 (p) = p(0) for every p ∈ P , and so it is easy to see that for every f ∈ A(D), we have
From now on, by T we denote a polynomially bounded operator, and k is as in (1.1). It is well known that for every f ∈ A(D), there is a sequence of polynomials {p n (z)} such that p n − f → 0, n → ∞. Thus we have
for each x ∈ X, which implies {p n (T )x} is a convergent sequence in X. Define an operator f (T ) : X → X by
It is easy to see that the definition of f (T ) does not depend on the particular choice of {p n }, and f (T ) is a linear operator on X. Moreover, we have
for every x ∈ X, and so
For every x ∈ X, x * ∈ X * , define a functional x ⊗ x * on P by
Then x ⊗ x * is a bounded linear functional on P , and x ⊗ x * k x x * .
Main results
Lemma 1 (parallel with Lemma 7.1 in [1] for the class C 0. ). Let T be a polynomially bounded operator of class
and
that there is a Borel measure µ on T such that µ = x ⊗ x * − M 1 , and
Since x ⊗ x * ∈ P * , it follows that x ⊗ x * can be extended without changing the norm to a functional on C(T), which is still denoted by the same symbol x ⊗ x * . On the other hand, it follows from (1.4) that for every f ∈ A(D) there exists
Let {f n } be a Montel sequence in A(D), that is, f n ∈ A(D), sup n f n < ∞, and lim n→∞ f n (z) = 0 for all z ∈ D. We now show that for every ε ∈ (0, 2k) there exists n 0 such that | f n (T )x, x * | < ε for all n n 0 . Assume without loss of generality that
Since T is a polynomially bounded operator of class C .0 on X it follows that lim n→∞ T * n u * = 0 for all u * ∈ X * , so that there exists a positive integer m such that
c n,j z j be the Taylor expansion of f n . By the Cauchy formula and the Lebesgue domination theorem we have c n,j → 0, n → ∞, for every j. Hence there exists n 0 such that for every n n 0 we have |c n,j| < ε/(2mk), j = 0, 1, 2, . . . , m.
For every n n 0 , write p n (z) = m−1 j=0 c n,j z j , then there exists g n ∈ A(D) such that
|c n,j | < ε/(2k) and g n = f n − p n . Thus by (1.5) we have
from which and (2.2) we obtain
On the other hand, it follows from (1.3) and the definition of the Montel sequences that
Thus by (2.1) and (2.3) we have
Therefore µ is a Henkin measure. By [9] , page 189, Remark 9.2.2 (c), µ is absolutely continuous with respect to the Lebesgue measure on T. It follows from (2.1) and the Radon-Nikodym theorem that there exists h ∈ L 1 (T) such that for all p ∈ P we have
p(e it )h(e it ) dt, and
Lemma 2. Let T be a polynomially bounded operator of class C .0 on a Banach space X. Suppose that σ(T ) ⊃ T and that T has no nontrivial invariant closed subspace. Let h ∈ L 1 (T) be nonnegative. If w ∈ X, w * ∈ X * , δ > 0, then there exist vectors u ∈ X, u * ∈ X * such that 
1 , and the estimate
holds if n is large enough. Moreover, by (2.4) we have
Fix an integer N such that c 3 + πN −1 < 1, and a positive constant c such that
Lemma 3. Let T be a polynomially bounded operator of class C .0 on a Banach space X. Suppose that σ(T ) ⊃ T and that T has no nontrivial invariant closed subspace. If h ∈ L 1 (T), x ∈ X, x * ∈ X * , then there exist vectors y ∈ X, y * ∈ X * such that
where b > 0 and c ∈ (0, 1) are the constants above. [1] . For the convenience of the reader we state the main ideas. Let b > 0 and c ∈ (0, 1) be constants in Lemma 3. Assume that T has no nontrivial invariant closed subspace. Take
By induction, assume that we have chosen vectors x n ∈ X, x * n ∈ X * such that x n ⊗x * n −M 1 < c n .
By Lemma 1, there is a vector
and (2.5)
By Lemma 3, there are vectors x n+1 ∈ X, x * n+1 ∈ X * such that
Thus by (2.5) and the definition of M hn we obtain (2.8)
Moreover, by (2.6) and (2.7) it follows that {x n } and {x * n } are Cauchy sequences in X and X * , respectively. Suppose that x n → x, x * n → x * , n → 0, then we have
Thus by (2.8) we can obtain x⊗x * = M 1 . This shows that x, x * = 1, T n x, x * = 0, n = 1, 2, . . . Therefore we have x = 0, x * = 0, and T n x ∈ ker x * , n = 1, 2, . . .
If T x = 0, then ker T is a nontrivial invariant closed subspace for T . If T x = 0, then M = span{T x, T 2 x, . . . , T n x, . . .} (⊂ ker x * ) is a nontrivial invariant closed subspace for T.
Some remarks
Remark 1. If T is a polynomially bounded operator (of class C .0 ) on a Banach space such that σ(T ) ⊃ T, then it follows from Theorem A of [1] that T * has a nontrivial invariant closed subspace (see also [1] , page 344), but it is well known that it is impossible for the conclusion of Theorem 1 to follow from Theorem A of [1] (see [1] , [2] , [4] , [5] , [6] , [7] and so on).
In fact, it is well known there are much differences between the properties of invariant subspaces of an operator A and its adjoint operator A In particular, Jiang in [5] gave an example on a Banach space in which the operator A * has a nontrivial invariant closed subspace, but A has no nontrivial invariant closed subspace.
Remark 2. Let T be a polynomially bounded operator on a Banach space X.
are invariant closed subspaces for T . Moreover, if {0} = M = X, it is clear that T has a nontrivial invariant closed subspace.
Ambrozie and Müller tried to show in [1] that every polynomially bounded operator T on a Banach space whose spectrum contains the unit circle has a nontrivial invariant closed subspace (i.e. Conjecture 1). As pointed in [1] , one can reduce the invariant subspace problem of (general) polynomially bounded operators (whose spectrum contains the unit circle) in a standard way. To be more specific, to prove Conjecture 1 it suffices to show the following propositions: Proposition 1. When M = X, T has a nontrivial invariant closed subspace. it therefore suffices to prove ⊥ N = X. On Proposition 4, Ambrozie and Müller [1] proved that T * has a nontrivial invariant closed subspace when X is a (general) Banach space (see also [4] , Theorem 4.2.9), therefore T has a nontrivial invariant closed subspace when X is a reflexive Banach space. But we need to prove in Proposition 4 that T has a nontrivial invariant closed subspace when X is a (general) Banach space.
